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Abstract 

On the level-1 Fock space modules of the algebra Uq{sln) we define a level-0 action Uo of the Uq{sln), 
and an action of an abelian algebra of conserved Hamiltonians commuting with the Uo- An irreducible 
decomposition of the Fock space with respect to the level-0 action is derived by constructing a base of 
the Fock space in terms of the Non-symmetric Macdonald Polynomials. 
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1 Introduction 



Recently several intriguing links have been uncovered between Solvable Models with Long- Range Interaction 
and representations of affine Lie algebras. 

The earliest example is the identification of the Field Theory limit in the Haldane-Shastry spin chain with 
the level-1 su(2) WZW Conformal Field Theory made in [0. This led to discoveries such as the Yangian 
action on the integrable level-1 modules of the affine Lie algebra st„, the spinon bases and the fermionic 
character formulas |Q, ||. 

Another line of research connected the Calogero-Sutherland Model and its (7-dcformed analog - the 
trigonometric Ruijsenaars Model - with the VF-algebras and their q-deformations 

In the work of Bernard et al. jsj both the Haldane-Shastry and the Calogero-Sutherland Models were 
understood to be special cases of the more general sl„-invariant Dynamical or Spin Calogero-Sutherland 
Model. In this light it becomes plausible that a connection between the Long-Range Models and CFT must 
exist on the level of the Spin Calogero-Sutherland Model as well, so that the two lines of results mentioned 
above can be seen as parts of a more general structure. 

Two attempts to understand the Spin Calogero-Sutherland Model in the Field Theory limit were made 
by different means in and in |§. In this fimit was constructed for the slz-invariant case by using 
the semi- infinite wedge realization of the Fock space module of the affine Lie algebra The Fock 

space was interpreted as the space of states of the Model in the Field Theory limit, it was shown to admit 
a Yangian action and the decomposition of this space with respect to this action was derived. 

The aim of the present paper is to give a g-deformation of the construction in in the s[„-invariant 
situation. Let us briefly go through the main features of our work. We start with the g-deformation of 
the A^-particle fermionic Spin Calogero-Sutherland Model which was proposed in (see also |l4j ). The 
ingredients that define the Model are: a family of mutually commuting operators - conserved Hamiltonians 
h'l^\ {I = ±1, ±2, . . . ) and the level-0 action of the q-deformed affine algebra C/g(sI„) which we denote by 
Uq^\ This action commutes with the operators h^^"^ and hence has a meaning of a non-abelian symmetry 
algebra of the Model. The space of states in the Model is identified with the finite TV-fold g-wedge product 
which was recently introduced in [Q , it is isomorphic to the space of (7- fermionic states proposed in |^ . 

Our main problem can be formulated as that of taking the number of particles N in the Model to infinity 
so that the commuting Hamiltonians and the symmetry algebra remain well-defined. To solve this problem 
we utilize a certain projective limit of the finite g- wedge product - the semi-infinite g-wedge product of (l). 

The semi-infinite q- wedge product is shown in to be isomorphic to the level-1 g-deformed Fock space 
module of ?7q(s[„) discovered in J^. We are able to demonstrate that the Hamiltonians and the commuting 
with them level-0 action of [/g(sl„) carry over from the finite into the semi-infinite g- wedge product and 
therefore define the Model in the Fock space. By analogy with the rational case considered in [^6) we 
interpret this as a Field Theory limit of the g-deformed Spin Calogero-Sutherland Model and of the associated 
symmetry algebra. 

The second problem which we consider is to derive the decomposition of the Fock space with respect to 
the level-0 action, and diagonalize the commuting Hamiltonians. Towards this end we construct a suitable 
base of the Fock space in terms of the Non-symmetric Macdonald Polynomials ||l5|, . One of the features 
of the level-0 decomposition of the Fock space is its relative simplicity - at generic values of parameters in 
the Model each irreducible component is isomorphic to a tensor product of fundamental representations of 
Uq{sln) in terminology of 1^ - this makes it different from the level-0 decomposition of the irreducible level-1 
Uq{sl2) modules constructed in JTsf where an irreducible component is in general a subquotient of a tensor 
product of the fundamental representations. 

The arrangement of the paper is as follows. The sec. 2 is has an introductory character, here we give the 
relevant background information on the affine Hecke algebra and g-wedge products. In sec. 3 the space of 
finite wedges is decomposed with respect to the C/g(s[„)-action Uq^\ In sec. 4 we define the level-0 action 
and the family of commuting Hamiltonians in the Fock space. Sec. 5 contains results on the decomposition 
of the Fock space with respect to this action. 

Acknowledgments We would like to thank Professors T.Miwa and M.Kashiwara for discussions and 
support. 
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2 Preliminaries 

In this introductory section we set up our notations and collect several known definitions and results to be 
used starting from sec. 3. For details one may consult the works [Q, ||, 0, |l5|. 



2.1 AfRne Hecke algebra 

The affine Hecke algebra i?Ar(<?) is an associative algebra generated by elements (« = !,.. .,iV— 1) and 
y^^ (j = 1, . . . , N). These elements satisfy the following relations: 

(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 

±1 .,±11 



rp2 

^ i 


= {q-q-^)T, + I, 




= Ti+iTiTij^i, 




= TjT, if|z-j|>l, 




= VjVi, 






TiVi 





We consider two different actions of Hf^{q) in C[zf 
The first of these actions is defined by: 

J/i = and T, = g.,^i+i, (2.7) 

where the operators gij are as follows : 

g^^^ = £lll^l^(K.^^-I) + q^ l<t^j<N, (2.8) 

Zj Zj 

and Kij is the permutation operator for variables Zi and Zj. 
The other action of HN{q) is specified by: 

= and T, = (2.9) 

here i^/^^ are difference operators: 

r/"^^ = i^^,»+i.9,v/+i • ■ • K,^Ng~}p'''Kl^^gla ■ ■ ■ K,^l,^g^-l^,, (2.10) 

and 

p'^'fizi,.. .,Zi,...,ZN)^ f{zi, . . . ,pzt, . . .,zn), f e Cizf^, . . . ,2^^]. 

Throughout this paper the q is taken to be a complex number which is not a root of unity (g = 1 is 
allowed). We call such q and a p S C \ (/^"^^o generic, and in what follows we consider only generic q and p 
unless stated otherwise. 

2.2 Eigenfunctions of the operators y}^^ 

To each A :— (Ai, A2, . . . , Ajv) G corresponds a monomial := z^^ ^ . . . z^" of the total degree 
[Aj := Ai + A2 + ■ ■ • + Xn- Let A^ be the unique partition ( we permit negative parts ) obtained by 
ordering the elements of A: A^ = {X^ > A^ > ■ • ■ > A^), A^^.^ = Ai for a suitable permutation a := 
{tT(l), (7(2), . . . , cr(iV)} of the set {1, 2, . . . , N}. We fix such a a uniquely by requiring a{i) < a{j) whenever 
i < j and A^ = Aj. 
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There is a partial order relation in Z^. First, for two partitions = (Aj^ > > ■ • • > A^) and 
= (/i]^ > > • • ■ > /^^) the partial order is defined by: 

A+^/x+ ^ EA+>^a^+ (* = f,2,...,iV), |A+| = |/x+|. (2.ff) 

This order is extended to as follows. For A, G Z^ put A ;^ /x if: 

either A+ /x+ , or A+ = /x+ and (2.12) 
the last non-zero element in (Ai — fii, A2 — /i2, . . . , Xn — ^J■N) is negative. 

It is straightforward to verify that the action of :— K^jgij and the i^^^'' in the monomial basis is 
triangular. More precisely: 

r(7-iz^ + 2;,+ ^^+c(A,M)z'^ (A. <Aj), 

^,jz^ = <^ (7z^ (A, = Aj), (i) 



where (i, j)A := A 



r/'^^z^ =/'g2.(,)-Ar-l^A ^ ^ c(A,/x)z'^. (ii) 

Let us put Ci(-^) •= p^ig2cr(i)-Af-i ^Af g^j^j j _ 1^ 2, . . . , iV. Since for generic p and g the equality 

Ci(A) = Ci(M) (* = 1: 2, . . . , A^) implies A = we immediately come to the conclusion that the l^/^"* admit a 
common eigenbasis {(i>'^(z) | A G Z^}: 

y/^)<i>^z) - C.(A)<i>^z), (* = 1,2,...,7V), (2.13) 

and 

a>^z)=zV^c(A,/.t)z'^. (2.14) 

Following we will refer to the Laurent polynomials <i>'^(z) as Non-symmetric Macdonald Polynomials 
( of type A ). 

The action of the finite Hecke algebra generators gt^i+i in the basis {"I>'^(z) | A G Z^} is summarized as 
follows 0: 

<7v<+i<f^(z) = A,(A)<f>^(z) + B,(A)<I>(^''+i)^(z), (2.15) 
where (z, i + 1)A := AjA^^Ai+i and: 

A^(A) := i3,(A):-<^0 (A. - A.+i); (2.16) 



X - 1 



9 (Ai < Aj+i), 



Note that when i is such that Ai = A^+i we have = and hence gi i+i^^{z) = q^^{z). 
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2.3 Finite g-wedge Product 

Let n>2 and N be positive integers. We set: V := C" with a base {ui, ■ ■ ,Vn} and V{z) := C[z^^] (g) V 
with a base m G Z , e G {1, 2, . . . , n}. Often it wiU be convenient to set fc = e — nm , Uk := z^u^. 

Then {uk | fc e Z} is a base in V{z). In what foUows we wiU use both notations: Uk and z^Ug switching 
between them without further alert. The g-wedge product of spaces V{z) is defined as a suitable quotient of 
the tensor product ®^V{z) = <C[z'^^ , z^^, . . . , z^^] ® {®^V). To describe this quotient introduce an action 
of the finite Hecke algebra in ^'^V: 

= 5^+1, (*-l,2,...,7V-l) (2.18) 

l<e<n l<e<e'<n l<e^€'<n 

where E'^ '"^ G End(V) is specified by E'^ ''^Va — S^^a^e' and Si^i^i signifies S acting in the «-th and i + 1-th 
factors in (S)'^V . 

Remark The Hecke generators Ti that are used in |Q] are related to the generators which we use in this 
paper as follows: 

T, = <7i^,,,+i(g,,,+i + - /. (2.19) 

Now define n{c (i)^V{z)) as: 

N-l 

n=Y.^^'^(9^,^+l+S^Al)■ (2-20) 

In this setting the g-wedge product A^y(z) is defined as the quotient: 

A^V{z) = (g,^V{z)/n. (2.21) 

This definition is equivalent to the definition in ||l| due to the Remark above. Notice that for q — 1 the 
g- wedge product is just the usual exterior (wedge) product of the spaces V{z). In what follows we will use 
the term "wedge product" always for the g-deformed wedge product ( 2.2l[) . 

Let A : (g)^V{z) — > A^V{z) be the quotient map specified by ( ^.21 ). The image of a pure tensor 
Uki (S) (8) ■ • ■ Wfejv under this map is called a wedge and is denoted by: 

Ufei A A • ■ • A Ukj^ := A{uki ® Wfea ® ' ' ' ® "few)- (2.22) 

In it is proven that a basis in A^V{z) is formed by the normally ordered wedges, that is the wedges ( p. 22 ) 
such that fci > fc2 > • • • > kj^ ■ Any wedge can be written as a linear combination of the normally ordered 
wedges by using the normal ordering rules 0]: 

ui AUm = —Um/\ui, for ^ = m mod n, (2.23) 

Ul AUm = -qUm AUi + {q^ - l)iu„i-t A Ui+i - qUm-7i A Ul+n + 

+q^Um-n~iAui+n+i + ■■■), (2.24) 
for I < m,m ^ I = i mod n,0 < i < n. 

The sum above continues as long as the wedges in the right-hand side are normally ordered. 

2.4 Actions of U'g{sln) in the wedge product. 

With each of the two HN{q) actions ( |2.7| , |2.9[ ) we associate an action of the algebra /7^(s[„) in the tensor 
product ®^y(z). Let E^""^ denote the operator which acts trivially in all factors in C[zf^, . . . , z^"'^](g)((g)^C") 
except the z-th factor in (g)^C" where it acts as E'^''^ . The action of the generators {E^, F^, K^}, (e G 
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{0, 1, . . . , n — 1}) of U^{sln) (our conventions on C/^(s[„) are summarized in the Appendix) then is defined as 
foUows: 



= KIKI ...K'y, Kt = <fl'-''^'"*\ (2.25) 

N 

E^^Y. vf^-'El'^^'Kl^i ■■■K'm, (2.26) 

F, = f2 vt"- (Kt)-' ■ ■ ■ {KU)-'El+'^% e = 0, . . . , n - 1 , (2.27) 

1=1 

where in the right-hand side we regard the indices e,e + 1 modulo n. 

The substitution = in these expressions gives the ?7^(s[„) action which was considered in (l) - denote 
this action by u['^\ The other choice of the afSne Hecke algebra generators: yi = gives another 

action of ?7^(s[„) in (8)^F(z) - this action the principal object of study in the present paper , we denote it 

The centre of HnIq) is generated by symmetric polynomials in yf^ so we consider two abelian algebras: 

:=z? + zf + ... + ^^, (ae{±l,±2,...,}); (2.28) 



h[^'' with generators 



And Hq^-' with generators |^: 

/iW :^ (gi-^y W)-^ + (gi-^y W)-^ + . . . + {q'-^Y}f'^r, {a £ {±1, ±2, . . . , }). (2.29) 

Obviously Hj^^ commutes with C/j^' for j = 0, 1. 

It is straightforward to verify by using the relations of the affine Hccke algebra, and the explicit form of 
the operator 5 (2.18) that the actions [/j^^ijj^-' for j — 0,1 preserve the subspace fl. 

This implies that U^^\ H^^; (j = 0, 1) are well-defined in the wedge product A^V{z), and from now 
on we consider these actions as defined in A^V{z). 

2.5 Semi-infinite wedge product 

For M E 1j the space of semi-infinite wedges Fm is defined in as the linear span of semi-infinite monomials: 

Uki A A Wfc3 A ... , (2.30) 

such that for i >> 1 the asymptotic condition ki — M — i + 1 holds. The vacuum semi- infinite monomial in 
Fm is specified by fc^ = Af — i + 1, i = 1, 2, . . . and is denoted by \M): 

\M) /\UM-i AuM-2 /\ ■•■ ■ (2.31) 



The normal ordering rules (2.23, 2.24) imply that the normally ordered semi-infinite monomials - that is 
(2.30) with fci > A;2 > ^3 > • ■ • form a basis in Fm- 

The level-0 action u[^^ in the limit N ^ oo was used in [Q to define a level-1 action of [/^(s[„) in the 
space Fm, such that as an [/^(5l„)-module Fm is isomorphic to the Fock space module introduced in |Q. 
The abelian algebra h[^^ in the same limit gives rise to an action of the Heisenberg algebra in Fm- 



The two main problems which we address in the present paper are: 1) To define a level-0 [/^(s[„)-action in 

Fm starting from the action Uq^^ in A^V{z). 2) To construct the irreducible decomposition of the Fock 
space Fm with respect to this action. 
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3 Decomposition of the finite wedge product 



In this section we find the decomposition of the wedge product A^V{z) with respect to the ?7^(s[„)-action 

Uq^\ In order to derive this decomposition we construct a suitable base of A^V^(z) by using the Non- 
symmetric Macdonald Polynomials. 

3.1 A base in A^V{z) 

Let e :— (ei, £2, . . . , epf) where Ci G {1, 2, . . . , n}. For a sequence e we set 

Ve «)■•■(» We„ (e ®^C"). (3.1) 

A sequence m :— {nii, 7712, . . . , m^) from is called n-strict if it contains no more than n equal elements 
of any given value. Let us define the sets and £{m.) by 

:— {m — (mi, 7712, ■ • ■ , wjv) G \ mi < 1712 <■■■< mN , m is n-strict }, (3.2) 

and for m G 

f(m) := {e = (ei, £2, • . . , ejv) | Ci > Ci+i for aU i s.t. mi = 771^+1 }. (3.3) 
In these notations the set 

{u;(m,e) := A(z™®ve) EEz^i^ei Az™^w,, A-.-Az^^w.^ | m e TWJ^, e e f(m)}. (3.4) 
is nothing but the base of the normally ordered wedges in A^V{z): 

{w(m, e) I m G A^^,e e £(m)} = {ufcj A A • • • A Mfe„ | h > k2 > ■ ■ ■ > kN}, 

hi = Ci ~ nrrii. 

For the purpose of the J7^(s[„)-decomposition we construct another base. The elements of this new base 
have the same labels m G A4^, e G £{m) as the elements of the base of the normally ordered wedges. 
For m G M^^, e G ^^(m) let us put 

(/)(m,e) := A($'"(z)®ve). (3.6) 
Notice that at q = 1 we have 0(m, e) = w(m, e). 

Proposition 1 The set {(/)(m,e) | m G A^^,e G ^^(ni)} is a base of A^V{z). 

Proof. To show that A^V{z) — spanc{(j){ni, e) \ m G A^^,e G f(m)} we use the formulas (2.15) for the 
action of the Hecke algebra generators on Non-symmetric Macdonald Polynomials together with the fact 
that for any « G {1, 2, . . . , — 1} we have 

/m(5,,,+i - 5,,,+i) C Ker{g,^,+i + Sr/^J A{{gu+i - ^.,.+1)/) = V/ G ®^V^(z). (3.7) 

First, the eq. (2.15) and ( |3.7| ) allow us to write ( at generic p and q): 

V{z) = spanc{A($^(z) v) | A G Z^, Ai < A2 < • • • < Aat; v G ®^C"}. (3.8) 



Next, we observe that (2.15 3.7) imply: 

A($^(z)®(g + S'r/^Jv) = whenever A, = A,+i. (3.9) 

From the last equation it follows that a vector A($'^(z) (g) v) is equal to zero if the sequence A is not n-strict. 
Now using ( |3.9[ ) together with the explicit form of the operators Si^i+i (2.18) we derive from (3.8) that the 
vectors (j){ni, e) :— A(<I>™(z) (E> Vg) with m G Ai"^ and e G f(ni) span the wedge product. 
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To demonstrate linear independence of these vectors we consider the limit g = 1 in which limit the 
(/)(m, e) coincide with the w(m, e) - elements of the base of the normally ordered wedges. ■ 
Since <i>™(z) is an eigenvector of the operators l^/^"* it is clear, that C/g^'' and i?o^^ preserve the subspace 

^^'^ :-©eG£(m)C./)(m,e) (3.10) 

for any m g A4^. Moreover it is easy to see, that the E"^ is an eigenspace of the operators ft.i^'' which 
generate Hq^\ The eigenvalue /li^^(m) of /li^'' (a = ±1, ±2, . . . ) for this eigenspace is 

N N 

1=1 1=1 

Note also, that the E"^ is an eigenspace of the degree operator -^i ^7 + -^2 + • • ' + with the eigenvalue 

|m| := mi + 7712 + • • • + m^r. 

In the rest of this section we will describe the structure of the i?™ for a fixed m G as an Ug{sln)- 
module with the action Uq^\ 

3.2 The U'gisQ-module E"" 

For ai, a2, ■ ■ ■ ,ar G C let 7ri'j-}..._o^ be the evaluation action of J7^(5l„) defined in (X)^C" by 

4:l.,aAK,) = KIKI ...KU Kt = cfr-'^^'''*\ (3.12) 

r 

<l.,aAE,) ^Y.^^'^ '^l'^'^'^t+i ■■■K. (3.13) 

r 

<l.,aAF,) ^Y.a;'° '{Kt)-' . . . {Kt_^-^E^''% e = 0, . . . ,n - 1 , (3.14) 

1=1 

where in the right-hand side we regard the indices e,e + 1 modulo n. 
In this notation we set for m e A^^: 

7r(m) T^i'^}..,aK wherein we put = q^~^(i{m)~^ . (3.15) 
Since Ci+i(m) = q^(i{m.) whenever nii — rrii+i the action 7r(m) has the following property: 

(9 + Si^l+i)TT{m) = 7r(m)|^.^j(m)^Ci(m)(5' + "S^vii) * ^ • (^'l^) 

As the result the 7r(m) is well-defined in the space: 

W^™:=0^C"/ Ker{q + S-^,). (3.17) 

{ilmi — m^-f 1 } 



Let L^: ®^C" W^™ be the quotient map defined by ( |3.17| ). We define a map 

p-.E""^ spanc{A($'"(z) ® w) | v e ®^C"}(= ®ee£(m)CA($'"(z) ® Ve)) ^ W^™ (3.18) 
by setting /3(A($™(z) ® w)) = im(w)- 

Proposition 2 T/ie map (3 (3.18) is an isomorphism of the L/^(s[„)-modules (E'™, Uq^^) and (11^"^, 7r(m)). 

Proof. To show that the /? is an isomorphism of the linear spaces it is sufficient to observe that the set 
{im(ve) I e e i?(m)} is a base in W™. 

The map f3 is an intertwiner of the actions Uq^^ and 7r(m) since for any generator x of J/q^'' we have: 

a;.A($'"(z) (g>v) = A($'"(z) ® Tr{m){x).v). (3.19) 
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Now let us subdivide the sequence m = (mi < m2 < • • • < toat) into subsequences which comprise equal 
elements: 

m = (mi = • • • = < mi^n = ■ ■ ■ = nir^ < ■ ■ ■ < rrii+rj = ■ ■ ■ = tojv). (3.20) 

Notice that since m is n-strict we have for 1 < fc < J + 1 the inequalities 1 < r-fe — rk-i < n (here we put 
To := and rj+i := N). As the [/^(s[„)-module the space W"^ then is represented as the following tensor 
product: 

(3.21) 

where y[a, j] (1 < j < ?^) is the [/^(sl„)- module with the action 7ri''2...,aj such that ai :— a, 02 q^^a, . . . , 
flj := q^^^^^^^^a (3.12 - 3.14), and as a linear space 

V[a,j] = ®^C^/Y,Ker{q + S-l^{). (3.22) 

2=1 

Our next task is to describe the ^[a, j] (1 < j < n). First of all for 1 < j < n — 1 as [/g(s[„)-module ( 
Uq{5\.n) C C/^(s[„) ) the y[a,j] is irreducible and isomorphic to the highest weight module V{Kj) with the 
fundamental Uq{sin) highest weight Kj. When j — n; the V^[a, j] is the 1-dimensional trivial representation 
of Uq^sln)- Thus T^[a, j] (1 < j < n) is an irreducible C/^(s[„)-module, and in order to give the complete 
specification of F[a, j] for 1 < j < n — 1 it is sufficient to describe associated Drinfel'd Polynomials. In the 
conventions of Q which we recall in the Appendix these are provided by the following Lemma: 

Lemma 1 For I < j < n — I the V[a,j] is an irreducible U^{sln) -module with the Drinfel'd Polynomials 

P.(u) = |"^'^'""" ^""'^^'^ (3.23) 
^ ^ 1 1 for 1 < fc < n - 1, fc 7^ j. 



Using the results of g we can claim, that for generic q and p the representation W"^ ( 3.21 ) is irreducible, 
therefore the Drinfel'd Polynomials of W"^ are just products of the Drinfel'd Polynomials associated with 
the factors V[p~"^''i'q'^^^''~'^''~'^\rk — rk-i] (Cf.0). This leads to the main Proposition of this section: 



Proposition 3 For generic p and q the E"^ = is irreducible and with notations of ( 3.2Cl| ) the Drinfel'd 
Polynomials of i?™ = VF™ are 

P^{u)= n iu-p^^-q-^'^-''''-') (ze{l,2,...,n-l}). (3.24) 

{l<fc<J+l I rfc-rfe_i=i} 



The proofs of this Proposition and the Lemma |l| are discussed in the Appendix. 
Finally we note that 

A^V[z)= (3.25) 
This is the desired decomposition of the finite wedge product with respect to the J7'(s[„) action Uq. 
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4 A level-0 action of Uq{5in) in the Fock space 

In this section we will define a level-0 action of the ?7^(sl„) in the space of semi-infinite wedges Fm ( or 
equivalently in the level-1 Fock space module of the same algebra - C/^(s[„) - see subsection 2.5 ) starting 
from the action C/g^'' which was defined in sec. 2 in the finite wedge product. The level-0 action in the space 
Fm is constructed by taking a suitable projective limit of Uq^^ and can be thought of as an appropriate, 
well-defined limit of J/g^'' when the number of particles A'' goes to infinity. 

In this section we allow the parameter p to be arbitrary complex number, whrereas the q is still required 
to be generic. 

Let w = A A ■ • • A u^,^ = z^^^v^^ A z"^'^v^^ A • • • A w G A^y(z) be a normally ordered 

wedge: ki > k2 > ■ ■ ■ > . Often it will be convenient to label this wedge by the two sequences m e M"^ 
and e e £{m) : 

m = (toi < 7712 < • • • < JTiAf), rrii G Z, (4-1) 
e = (£1,62, . . . ,eAr), 1 < < 77, (4.2) 
such that ki = ei — nrrii, (4-3) 

and write: w := 7i'(m, e). From now on we will use the notation w(m,e) exclusively for normally ordered 
wedges. 

Recall that by the definitions (3.2, 3.3) of the and E{m) the m in (4.1) is always n-strict sequence 
and that > e^+i whenever 777^ = 777^+1 . 

Throughout this section we fix an integer M and < s < ti — 1 such that M = s mod ti. Let r G 
{0, 1,2,...}; and let w{m°,e^^) G A"+"''y(z) be defined as: 

7(;(m°, e") := 77^/ A 77m-i A • • ■ A UM-{s+nr)+i- (4-4) 
Here the sequences m'' and e° arc as follows: 



m" ^ (777?, 7770,...,7770+„,,) := (777° , . . . , 777° , 777° + 1 , . . . , 777° 



771 



-° ' 2, . . . , 777° 2, . . . , 777° -I- r, . . . , 777° -t- r) (4.5) 



e° = (e?,e2; ■ • ■ .^s+nr) := (S,S-1,..., 1,71, 77-1, 



77, 71— 1,...,1,...,77, 71— 1,...,1), (4-6) 



n S — Af , , , , 

where 771*^ := (0 < s < 77 - 1). (4.7) 

77 

„o\ 



We will call these two sequences vacuum sequences, and the K7(m°,e°) - vacuum vector oi A''^"''y(z). 



Define V^//"'' C A''+"'-F(z) as: 



yT''= C77;(m,e). (4.8 



Notice that the condition ms+nr ^ ""^^^s+nr this definition is equivalent to the condition: 

TTLi < 7M° for all 7 = 1, 2, . . . , s -I- 77r (4-9) 
because the sequence m is 71-strict and non-decreasing. 



Proposition 4 The J7'(s[„) action Uq'^^"'^'^ and the operators h'f^"'^'^ (I G Z^^o) preserve the subspace Vj 



M 



9 



To prove this and other Propositions we need two Lemmas. The first of these Lemmas concerns properties 
of the operators (2.10) and operators: 



where if^.j and gij are defined in (2 



Lemma 2 Let z" ee z'^'z'^^ 



and let a — max{ni, . . . , tiat}. 
Then 



Zi'-'Zo' . . . z'^" be a monomial in C[z^ , . . . , z^] 



= 5]c±(n,n')z"', 
(yW)fc^n ^ ^cfc(n,n')z"', fc = ±L±2,, 



(4.10) 



(4.11) 
(4.12) 



where cj-(n, n'), Cfc(n, n') are coefficients, and the summation ranges over n' such that: 



n[,n'2,...,n'j^ < a, 
1 1 ' 



#{?i-|7i-=a} < #{ni\n, = a}, 
n'j + + • • • + 't-'tv = ni + n2 + ■ ■ ■ + um- 



(4.13) 
(4.14) 
(4.15) 



Proof. To prove the statement about the summation range ( 4.13 - 4.15 ) in ( 4.11 ) we use the exphcit 
formulas for the action of i^^.j and on monomials: 



for n.j, < 



q^'z^zJ^Tiq-q-') ^ 



fe=l 



for n, = n, 



for n.j > n," 



±1 rii "i 

q z^^z.' 



g±i^rz;^±(g-g-i)zr^-^;-±(g-g-i) ^ z^ 

k=\ 



(4.16) 

(4.17) 
(4.18) 



i — k rij+k 



The statements ( ^.ll], 1.13| - [4.15| ) immediately follow from these formulas. The statements ( tl.l2| , |4.13 
lTsI ) follow from ( |4.1l| , |4~l^ - jl.isj) and (2.10). 

We will also need the following Lemma which shows triangularity of the normal ordering. 



Lemma 3 Let v G ®^C", and A he the quotient map defined by ( 2.21 ). 
Then in the notations of Lemma ^ the following holds: 

A(z" (g)v) ^ ^ c(n, v; n', e)w{n' , e), 



(4.19) 



where c(n, v; n', e) is a coefficient and the summation ranges over n' such that (n')"*" ^ (n)"*" and consequently: 



n[,n'2, . . . ,n'^ < a(:= max{ni, . . . , 71^?}), 
n[ + n'2 + ■ ■ ■ + n'j^ = ui + n2 + ■ ■ ■ + UN 



(4.20) 
(4.21) 
(4.22) 
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Proof. Use the normal ordering rules ( 2.23 , 2.24 ). ■ 

Proof of the Proposition |^ Let w{m.,e) £ V^^^^^ - that is nis+nr < rn'^+nr- We prove the Proposition 
by considering the action of the generators of f/Q^^'"^-* on w(m,e). 

Action of any of the generators (2.25 - 2.27) of the J7g(s[„) subalgebra of Uq'^^'^^^ on this wedge results 
in a linear combination of wedges w{m., e') with the same sequence m as in w{m., e). Therefore the action 
of the J7g(s[„) subalgebra preserves V^^"'^ . By the same token Kq (2.25) preserves V^j^"'^ as well. 



Consider now the vector: 

N 

FoMni, e) = ^ A(gi-^y/^'.z- {K^,)-' . . . {KU)-'eI\^,), (4.23) 

i=l 

where we put N := s + nr and Vg :— v^^ ® v^^ ® ■ ■ ■ ® Ve„ £ (8)^C". In each of the summands apply first 
Lemma 1^ to express Y^ ^\x^ as a linear combination of monomials, then apply Lemma ^ to express the 
result as a linear combination of the normally ordered wedges: 

Fo.w(m, e)= ^ c(m,e;m',e')?«(m',e'). (4.24) 

m' ,e' 

Due to (4.13) in Lemma |^ and (4.20) in Lemm a ^ in the last formula we have: ra'^j^^^. < rrig^nr ^ 
and thus Fo.w(m,e) e V^'/"'' by the definition (|4|) of the V^/"'' . 

For the generator Eq and the operators the proof is done by the same arguments as for Fq. ■ 

Introduce the degree |w(m,e)| of a wedge ?z;(m,e) e V^/"'^ by: 

s+nr 

|w(m, e)| = ^ m° - mi, (4-25) 



where the vacuum sequence m" is defined in ( |4.5| ). We have: 

V^r'^ = 0nr'''', (4.26) 

fc>0 

^^m"'''' - spanc{w{m,e)eVl+-'- \\w{m,e)\=k}. (4.27) 

The statements ( 4.15 ) and ( |4.22| ) in Lemmas ^ and ^ imply that the action L/q''^"'^-' and the commuting 
Hamiltonians preserve the degree: 

^is+nr)^ ^(s+nr) . ysM ^ ^ ^ ^ fc = 0, 1, . . . . (4.28) 

Notice, that when M ~ mod n (i.e s = 0) the space V^/'"'^'^ is one-dimensional with the basis w(m°,e'^). 
Our main technical tool in defining the level-0 action in the space of semi-infinite wedges is the projection 

M 

map : 

Prii,. : ^M+"'^+" ^ r = 0,l,... , (4.29) 



which we define by specifying its action on the normally ordered wedges as follows: 



Let u;(m, e) e 1^^^/"''+" and let 



m = (TOi,m2, . . . ,TOs+nr,TOs-Hnr+l, • ■ • j'Tis+nr+n), (4.30) 
e = {ei,e2, ■ ■ ■ ,€s+nr,^s+nr+lT ■ ■ T^s+nr+n) (4-31) 



be the m and e sequences labeling the wedge w(m, e) 



11 



Remove from m and e the last n elements, and denote the obtained sequences by m' and e': 

m' = (mi,m2, . . . ,ms+„r), (4.32) 
e' = (ei,e2, ■ • ■ ,es+nr), (4.33) 

so that 

«;(m',e')ey;+"^ 

The action of ^ is then defined by: 

w{m', e') if nis+nr+l = ms+nr+2 = ■ ■ ■ = ITls+nr+n = 
P^+l.rMm,e) ^ ^ = = ' ' ' = TO°+„.r+n, (4-34) 

otherwise. 

Proposition 5 The following holds: 

Ihe map p^^i r preserves the degree : Pr+i r ■ ^ ' \V 

and for all k — 0,1, .. . the map p^+ir ■— Pr+i,rly=+"''+"''= ^■s surjective. 

For k <r the map r bijective. (ii) 



Proof. The part (i) follows immediately from the definition of the degree ( 4.25 ) and from ( |4.34 ). 

To prove the part (ii) let us demonstrate, that if w(m, e) £ ys+nr+n g^ch that |w(m, e)| < r, then: 



'M 

Suppose the last equality does not hold. Then we necessarily have: 



= ■ ■ ■ = m 







's+nr+l — '"■s+nr+ 



_i — to, where to > 1. 



Since the sequence m is n-strict and non-decreasing, we also have: 



''S+nr— n+1 



s+nr-n+1 ^1: ^1 > ^Oj 



s+nr+n ' 



(4.35) 



(4.36) 



and in general: 



Summing up the last equations for Z = 1, 2, . . . , r and (4.36) we find: 

s+nr+n r 



^(m,e)|== m° -m,>Yti>toir + l)>r + l. 



1=0 



This contradicts |w(m,e)l < r, and therefore (4.35) holds. Taking (4.34) into account we find that 



Ker{p^lj^,.\ys+r..+r..k) = 



(4.37) 
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when k < 



An important property of the map Pr+i r ( 4.34 ) is that this map intertwines the C/^(s[„)-action Uq 



defined in V, 



s+nr+n ^ ^s+nr+n 



M 



V{z) with the C/^(s[„)-action U^'^"''^ defined in y//"'' C A^+"''F(z). The 
map Pr+i r ^Iso intertwines the actions of the operators /il^"* — h^'^^ (m°)/ for N — s + nr + n and N ~ s + nr 



in this case one needs to redefine (2.29) by subtracting the eigenvalue associated with the vacuum 



sequence (3.11) . We summarize this as the Proposition: 

Proposition 6 For r = 0, 1, 2, . . . the following intertwining relations hold : 

M j-j(s+7ir+n) _ jj(s+nr) 



Pr+l,r 



„M (s+nr+n) _ (s+nr) M 7 c ^ , 

Pr+l,r9l - 9l Pr+l,ri ' ^#0 



where gf^ ^hY"^ ~hY'\m'')I, 

N 



id /i(^>(m")=^p'™°g2/(i-j)^ 



(i) 
(ii) 



To prove this Proposition we wiU need one more Lemma on properties of the operators (2.10): 
Lemma 4 Let m = (mi, m2, . . . , mAr) G be a sequence such, that: 

mi,m2, ■ ■ ■ ,mN-k < mN^k+i = 'mN-k+2 = ■ ■ ■ = mN = 771; I < k < N. 
Then for a = ±1, ±2, . . . , the following relations hold: 

for < ; < /J - 1 {Ylf_\)''z"' = parnqa(2k-2l-N-l)^m + [...] ^ 

for 1 < i < - fc (r/^^)"z™ g'^'=(y/^^'=yz'" + [...], 

where [. . . ] signifies a linear combination of monomials z" = z"^Z2^ . . . 2]^" smc/i f/iai; 



anrf 



ni,n2, . . . ,nN <m, 



#{nt\nt = m} < k. 



(4.38) 

(4.39) 
(4.40) 

(4.41) 

(4.42) 



Proof. Consider first the expression: 



^N-i^ - 'iN^i.N-i+i- ■ -^n-i^nP l;i,N-i---i;N-k,N-i- 



-1 „Df. 



■ ^N-k+l,N-l ■ ■ ■ ^N-I-I.N-IZ"", 0<l<k~l. (4.43) 



The eq. ( |4.17| ) gives: 



(4.44) 



In the last expression apply ^N-k,N-i to the monomial z"^ using the formula (4.16) 

^N-l^ -1 ^N-I.N-1+1---^N-LnP ^l.N~l ■ ■ -^N-k-l^N-liq Z +[••■], 



< / < fc - 1, (4.45) 
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where the meaning of [. . . ] is the same as in the statement of the Lemma. 

Now apply (,i.N-i repeatedly for z = — fc — 1, — fc ~ 2, . . . , 1 using at each step ( 4.13 , 4.14 ) in Lemma 
^ to show that ^i,jv-(([- ••]) = ([•• ■ ])i using also ( |4.1(]| ). This gives: 



Lemma || and ( 4.17 ) applied in the last formula yield (4.39) for a = 1 
Consider now the expression: 



+ [•••]), 0<l<k-l. 



Write: 



CmVi • • ■ ^-^-k^-N-k+i ■ ■ ■ ^i,NP'''^l,^ ■ ■ ■ C.-i,.^'", l<^<N-k. 



and observe that due to Lemma |^ the expression: 



-fe )^ 



N-k+1 



Di ^ mi m2 ^N-k 

P •■■ Si— 1,1^1 ^2 ■■■^N-k 



(4.46) 

(4.47) 
(4.48) 
(4.49) 



is a linear combination of monomials ^"^^2 
formula ( 4.16| ) implies that: 



such that ni, n2, . . . , 7iAr_fc < m, and therefore the 



■ ^N-k 



Continuing to apply Lemma together with (4.16) we get 



ii,N-k+l---^i,NP ■ • =9 P ■ • -C^-l/iZ +[•■•] 



m _ .li'i , 



(4.50) 



(4.51) 



Finally we act by ■ ■ - ^i N-k '^^ ^^^^ expression and using Lemma^jto show that ■ ■ - ^i N-kii- • • ]) 
= ([...]) , arrive at: 



GVi • ■ ■ ^uN-kP'^'^l^^ ■ ■ ■ e.-l.^Z™ + [...], 1 < * < iV - fc 



(4.52) 



which is the statement (4.40) of the Lemma at a = 1. 

For a = —1 the proof is completely analogous, and (4.39,4.40) for a = ±2, ±3, . . . follow from the case 
a = ±1 and Lemma ||, eqs. (|4.13| , |4.14|) . ■ 



Proof of the Proposition 6 To prove the part (i) we consider the action of the generators of Uq 
on a wedge 'w(m, e) e Vlj . 
First let w(m, e) be such that: 

rrii < rn^ for at least one s + nr < i < s + nr + n. 



{s+nr+n) 



(4.53) 



This condition is equivalent to z/;(m, e) G Kerp^{_i ^. The Lemmas ^ and ^ imply that acting with any of the 
generators (2.25 - 2.27) (where yj = gi -(^'+"''+")y^.^''+"''+")) on such ?i;(m,e) produces a linear combination 
of wedges that have the property ( 4.53 ) as well, and therefore vanish when acted on by p^+i r- We formulate 
this as: 



Thus for w{ni, e) that satisfy (4.53) and any generator x of [/'(s[„) one has: 



^(s+nr) M 



Pr'+l.M"^' e) = 



^(s+nr+n) 



w(m, e) = 0. 



Now let w(m, e) be such that: 



rrii = rru for all s + nr < i < s + nr + n 



(4.54) 

(4.55) 
(4.56) 
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With the same m' and e' as in (4.32, 4.33) one can write: 

W{m, e) = w(m', e') A {uM-s-nr A UM-s-nr-l A • • • A UM-s-nr-n+l), (4-57) 

p^^i ,.«;(m, e) = w{m' , e'). (4.58) 
Apply 4'^""^"^ tou;(m,e): 

s-\-nr-\-n 

i=i (4.59) 

Lemma 4 for a = 1 ,N = s + nr + n,k = n,m = m°^„^_|_„ and Lemmas ^ enable us to transform the 
right-hand side of the last equation and arrive at: 

i'o ' W(m, e) = (i'o W(m , e )) A [UM-s-nr A UM-s-nr-l A • • • A MA/_s_„r-n+l) + 

+ p'"^+..+.g2(l-nr-n-.) ( ) - , e') ) A ■ 

• A{uM-s-nr-n+l A UAf_s-„r-l A UM-s-nr-2 A • • • A UM-s-«r-«+l) + (4.60) 



where w G Kerp^'^_i_i ^. The normal ordering rules ( 2.23 , 2.24 ) imply that the second summand in the right- 
hand side of the last equation vanishes ( cf. Lemma 2.2 in Finally (4.60) and (4.57,4.58) give: 

i^o^^+"^V.^li,.-(m, e) = pf_,,^^Fl,'+"-+-^w{m, e). (4.61) 

Thus (i) is proven for the generator Fq. The rest of the C/^(5[„)-generators and the statement (ii) of the 

Proposition arc handled in the same way. ■ 

At fixed M — s mod n and fixed degree k form the projective limit of the spaces V^^"^''' with respect to the 

M,k M I 

map J, :— p^^^ ,^\ys+-n,-+^,k: 

l/^, = lim\/^+"'■■^ (4.62) 

r 

A vector in V^^ is a semi-infinite sequence {/r}r>o i fr ^ V^^^^"^'^ such that: 

Pr+irlr+l^ fr, r = 0,l,2,.... (4.63) 

Since the map p^+i r bijective when r > k we have the isomorphism of linear spaces: 

T/^, - r>k. (4.64) 
Notice that for / = {/r}r>o G V^i'"^''^ , r > k: 

fr+l = fr A UM-s-nr A UM-s-nr-l A • • • A UM-s-nr-n+l, (4.65) 



as implied by Proposition 5 (ii) and the definition (4.34) of the map p^+i r- 

Now we use Propositions 5 (i) and 6 to define in the space V^j an J7^(s[„)-action U^°°\ and an action of 
the commutaive family {gl°°^}i<^z^o. For / {/,.},.>o e V^.j set: 

Uf'-ifr} ■■= {Ut^^lfr}, (4.66) 

9t^-{fr} := {gl'^-'^.fr}. (4.67) 

Clearly we still have: 

C/(°°)g(°°Ug(°°)[/(°°\ leZ^o. (4.68) 
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The degree of a semi-infinite normally ordered wedge w £ Fm is defined similarly to the degree ( 4.25 ) for 
wedges in V^/"''. Write the vacuum vector \M) of Fm^ and the w as: 

\M) =UM /\UM-l^UM-2■.■ = Z^iWe? A Z™2i;^o A . . . . (4.69) 

w = z™!?;,, A z"2w,2 A . . . ; m, = m°, = e° for i»l , (4.70) 



and define the degree as: 



Let for fc > : 



\w\=^m1-m^. (4.71) 



Fii^ Ci. (4.72) 

{n.o. wEFm\ |u;|=fe} 

where "n.o." stands for "normally ordered". The Fock space is graded with respect to this degree: Fm = 

Define the map pjj : ^ F^j by: 

for / - {/r}r>o e V^,: (4.73) 
PmI ^ fr /\\M - s - nr), where r > fc. (4.74) 

Proposition 5 (or, equivalently the eq. ( 4.65| )) shows that p^^ does not depend on the choice of r in (4.74) 
as long as r > fc. 

The following Proposition will enable us to define a level-0 action of C/^(s[„) in the Fock space. 
Proposition 7 The map p\i is an isomorphism of the linear spaces and F^j for any fc > 0. 
Proof. Since V^^"'^''' = for all r > fc, it is sufficient to prove that the map: 

3 y,(^+nk) /y\M-s- nk) G Fm (4.75) 

is an isomorphism of y^+"'^''^ and F^^. 

Take a normally ordered wedge w(m,e) G Vl^""^'^ . This is an element of a basis of V^"'''''' . Observe 
that the vector w(m, e) A \ AI — s — nk) belongs to F^j and is a normally ordered wedge in Fm - that is an 
element of a basis in Fm- This shows injectivity of the map (4.75). 

Let w :— z"^'^Vei A z™^Ve2 A • • • be a normally ordered wedge in F^,j. Applying the same reasoning as 
in the proof of the Proposition 5 (part ii) we can show, that 

w = A |M - s - nk) (4.76) 

where £ V^^^''''' , and explicitely: 

^is+nk) ^ ^mi^^^ ^ ^m.^^^ 2™= + "'= V,^^^^ . (4.77) 

Hence the map (4.75) is surjective. ■ 
Taking advantage of this Proposition we use the map p\.j to define in F^,j an t/^(s[„)-action Uq along with 

an action of the commutative family {gi} by conjugating the actions Uq°°^ and g}""'' with the isomorphism 
Obviously we have Uogi — giUo for all I ^ 0. The actions in Fm = ffifc>o^M foUow from the actions in 
each component F^j. This completes the definition of the level-0 action of C/^(s[„) in the Fock space Fm- 
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Let us summarize the results of this section. We started from Uq'^^ - the level-0 action of C/q(s[„) in the 
finite wedge product A^V{z). The generators {a;^^^} { x = E°- , F°- , if ° , a = 0, . . . , n — 1) of this action are 
given by (2.25 - 2.27) with y, = q^-'^Y^'^l Using C/^^'' we have defined Uq - level-0 action of C/g(s[„) in the 
Fock space Fm ■ The space Fm is graded: Fm = ffifc>o^M ^^'^ definition the Uq preserves the degree 

k. Any vector w G F^j { M = s mod n,0<s<n— l)is represented as: 



fr A \M - 



nr), 



(4.78) 



where fr G V^'^^'"^'*^ C A^^"^V{z), and r > k . For any fixed r > k this representation is unique by 
Proposition 0. The action of a generator x G ?7^(s[„) on w ( 4.78 ) is then defined as: 

x.w = {x^"+"-''\fr) A \M - s - nr), (4.79) 

and x.w does not depend on the choice of r as long as r > A; again by Proposition]^. 

Similarly starting from the commutative family of operators {fi^^^} , {I = ±1. ±2, . . . ) defined in a'^V{z) 
we define in Fm a commutative family of operators {gi}, {I = ±1, ±2, . . . ) which also commute with the Uq. 
As in ( 4.79| ) we prescribe the action of g; on the wedge w (4.78) by: 



91-w = (gl 



.fr) A\M - s - nr), l = ±l,±2, 



(4.80) 



with {^P^"'^^ } given in Proposition 6 (ii) . The independence this prescription on the choice of the r is again 
due to the Proposition 0. 

For computational purposes the most convenient choice of the r in ( 4.79 , 4.8C ) is to take it to be minimal 
- that is r = fc. We adopt this choice in the next section. 



5 Decomposition of the Fock space with respect to the level-0 
action 

In this section we give the decomposition of the level-1 Fock space module of C/^(s[„) with respect to the 
level-0 action Uq which was defined in sec. 4. 

5.1 Decomposition of the space V^/"*^ 

The definition of the J7^(s[„)-action Uq given in sec. 4 makes it clear, that the decomposition of the Fock 
space will be found once we construct the decomposition of the spaces V//"'" and Vl^^'^''^ with respect 
to the J7^(s[„)-action Uq'^^"'^\ To do this we use results of sec. 3. Let N s + nr and E"^ be the 
subspace of A^y(z) defined in (3.3). Recall that by Proposition ^ the i?™ is an irreducible representation 



of the [/q"'*'"'^'' . Let m'^ G A^"_|_„r be the vacuum sequence (4.5) associated with the integer M. Then the 



[/q*"''"'^ ■'-decomposition of V^J'^'^ is given by the following Proposition 
Proposition 8 For the t/'(s[„) modules V^^"^ and E"^ we have 



^M™'= (5-1) 

where the t/^(s[„) action in the both sides is given by the Uq^^"'^\ 
-"roof. We demonstrate that the set 

Bl+^- := {0(m, e) = A($™(z) ® Ve) | m G A^^+„,, m,+„, < m°+,„,; e G £{m)] (5.2) 
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is a base of the Vjj*/"''. First we note that (f){m, e) e i?^/"*^ impHes (/)(m, e) G V^/"''- This follows since the 
triangularity of the polynomial $'"(z) and Lemma || allow us to represent the 0(m, e) as 

0(m, e) = ^(m, e) + ^ ^ c(m, e; n, e')u;(n, e'). (5.3) 

From the last equation it is also follows that i?^/"*^ is a spanning set of V/fy ^"'' ■ Finally the elements of S^/"'' 
are linearly independent by Proposition]^. By definition of the i?™ ( 3.1Cl| ) the set {(j)(m,e) \ e G i£(m)} is a 
base of E"^. Hence the result of the Proposition. ■ 
Since E"^ is homogeneous with the degree |m|, we have 



Corollary 1 



^^+nr,fc^ (5.4) 

\m°\-\m\=k 



5.2 Decomposition of the Fock space 

Let M = s mod n, < s < n — 1. Write the vacuum vector \M) G Fm as 

|Af ) := UM AuM-i A • • • = z^iw.o A z"'h^o A • • • . (5.5) 
The semi- infinite vacuum m-sequence associated with the |M) is 

m° = (m?,TO^,--- ) = (m",...,m°,m° + l,...,TO" + l,77i" + 2,...,m° + 2, ••• ), m° := ^— ^. 

' — : — " " ' " (5.6) 

Introduce a set A^"[M] whose elements are ordered semi- infinite sequences m as follows 

M"[M] := {m = (mi < m2 <,•••) I is n-strict ; nii ^ m!^ for i >> 1}. (5.7) 
And for m G A1"[M] define the degree ||m|| as 

||m|| :=^m°-m,; . (5.8) 

i>i 

Note that ||m|| is a non-negative integer, and for a normally ordered wedge 

u; = z'"it>,, Az"^i;,, Az™^w,3 A--- {w G Fm) (5.9) 

the degree |w| (4.71) is equal to the ||m||. 

Now for m G A^"[A/] denote by m^^^ (g M^) the ordered sequence obtained from the m by removing 
all except the first N elements. 

Let for m G A^"[M] a linear space JF™ C Fm be defined in the following way 



^m<=+"ii'"ii) ^^M-s- n||m||). (5.10) 



In the last formula we have 



^(s + nllmll) 



S™^^ ' C c 1///""™" c A''+"ll™lly(z), and J^^ C F^P . (5.11) 

The definition of the action Ua given in sec. 4 and the Proposition ^ immediately lead to 

Proposition 9 For m G A^"[Af] the Tf} is an Uq{sln) -module with respect to the action Uq; the J7^(sl„)- 
modules J-^ with the U'{5ln)-action Uq and i?™' ^ " with the U' (sin) -action are isomorphic. 
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Note that since by Proposition || the E 



is irreducible, so is T\ 



Now observing that Corollary |l| and the Proposition |7| imply: 



||m||=fe 



M 



(5.12) 



we obtain for the Fock space Fm — (Bk>oFM'- 



This is the sought for decomposition of the Fock space with respect to the level-0 action [/q- 



(5.13) 



Since the structure of the i?™' ^ " as a [/^ (5 !„)- module is known from Proposition || we can describe 



a component Tf^ of the decomposition (5.13) by using the isomorphism of 



and !F] 



M- 



To do this, by analogy with (3.20) for an m G A^"[Af] introduce numbers rfc (fc = 0, 1, 2, . . . ) by 



m = (nil 



and vq := 0. 



(5.14) 



As the f7'(s[„)-module the space ,7-"™ then is isomorphic to the semi-infinite tensor product: 



(5.15) 



where F[a, j] (1 < j < n) is the fundamental [/g(s[„)-module defined in ( 3.22 ). Note that since rrii = to" for 
all but finite number of elements in m; we have — rk-i = n for k » 1, and hence the tensor product 
(5.15) contains only a finite number oi factors different from the trivial 1-dimensional representation V[a,n]. 

The Drinfel'd Polynomials oiT^ are found from the Drinfel'd Polynomials of the representation ^m<=+"ii'"ii' 
(see Proposition ||), they are: 



{l<fc<oo I rfc-rfc_i=i} 



(ze{l,2,...,n-l}). 



(5.16) 



Let us remark that since — r^-i = n for all sufficiently large fc, the number of factors in the product above 
is always finite for any m e A4"[M]. 

Finally we find that the space JT™ is an eigenspace of the commuting Hamiltonians gi { I — ±1,±2, . . .) 
defined by (4.80) and the eigenvalue of gi is 



(5.17) 



Notice that the sum in the last expression contains only a finite number of non-zero summands due to the 

asymptotic condition — to° for i >> 1 . 

An explicit base in the space .7-"™ (m G A4'"-[M]) is immediately obtained from the definition ( 5.10 ) and 
a base of i?™'"^" ' described in (3.10). 



A Appendix 

In this appendix we summarize the conventions concerning the algebra C/^(s[„) and the Drinfel'd Polynomials 
adopted in this paper. In particular we discuss the proof of Lemma ^ 
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A.l Two realizations of [/^(s[„) 

Let us recall the two realizations of [/^(s[„) and the definition of the Drinfcl'd Polynomials. 

Definition 1 ^ The quantum Kac-Moody algebra Uq{g{A)) associated to a symmetric generalized Cartan 
matrix A = (ct^ )i jg7.={o,i,...n-i} the unital associative algebra over ^ with generators Ei, Ki, (i G I) 

and the following defining relations: 



[Ei,Fj\ = 5ij- 



r=0 



7-=0 



I ~ Oi 



1 — a,; 



{E,YE,{E.,f-^^'-^ = i^j. 



{E,YE,{E,)^-'^^^-^ = 0, z^j. 



where 



The coproduct A is given by 



9 - q 



q-q 

A{E,) 
A(F,) 



i]q[n -l]q...[n-r + 
[rUr-l],.-.[l], 



= E^ (g) + 1 (g) E„ 
= Ki® Ki. 



(A.1) 
(A.2) 
(A.3) 
(A.4) 

(A.5) 
(A.6) 
(A.7) 
(A.8) 



(A.9) 
(A.fO) 
(A.ll) 



In particular the algebra Uq{5\.n) is the algebra Uq{g{Ay), where the generalized Cartan matrix A 
{aij)ij£i is 



2 i^^J) 

-1 {\i-j\ = l,{i,j) = {l,n),in,l)) n>3, 
(otherwise) 



2 {^^J) 
-2 {^J^J) 



n = 2. 



(A.I2) 



(A.13) 



We put c' := KqKi . . . Kn-i in Uq{sln), then c' is the central in C/g(s[„). We define [/^(s[„) as the quotient 
of [/q(s[„) by the two sided ideal generated by c' — 1. 

Proposition 10 ^ [/^(s[„) is isomorphic as an algebra to the algebra A with generators Ei ,., Fi ,. (i G 
{I,... ,71 — I},rGZj, Hir (i E {1, ■ ■ ■ , n ~ 1} , r G 'Z\{0} ), and Kf'^ , (i G {\, . . . ,n~l}), and the following 
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defining relations: 



-ay p 

~['''0'ij]qFj,r+s ) 



Sij- 



-1 ' 



TreSp fc=0 

E E(-i)' 

Ti-eSp fe=o 



(A.14) 
(A.15) 
(A.16) 
(A.17) 
(A.18) 

(A.19) 

(A.20) 

(A.21) 
(A.22) 

(A.23) 
(A.24) 

(A.25) 



for all sequences (ri,... ,rp) G ZP , where p = 1 — Uij and the elements are determined by equating 
coefficients of powers of u in the formal power series 



(A.26) 



r=0 



The generators of A are called Drinfel 'd generators. 



The isomorphisms / : Ug{sln) — » A are not determined uniquely. In this paper we fix one isomorphism 
/ : ^ A 



f{Ei)=Ei,o, f{Fi) = Fi,o, f{Kf^)=Kf\ 



for i e {1, . . . , n — 1}, and 



f{K^^) = {K^K2...Kn-ir\ 
f{Eo) = (-l)'"-ig-("-2)/2[F„_i,o, [F„_2,o, . . . 

• • • , [Fm+1,0, [Fl,0, ■ ■ ■ , [Fm-l,Oi Fm,l]qi/2 ■ ■ ■ ]ql/2f{KQ), 
f{Fo) = fif{Ko')[En-l,o, [En-2,0, ■ ■ ■ 
■ ■ ■ , [Em+1,0, [Elfi, ■ ■ ■ , [Em-1,0, Em,-l]qi/2 ■ ■ ■ ]qi/2, 



(A.27) 



(A.28) 
(A.29) 

(A.30) 



where /x G is determined by 



[f{Eo),f{Fo)] 



f{Ko) - f{K^') 



q-q- 



(A.31) 



and [a, b] 1/2 := q^/^ab - q ^/"^ba. 
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A. 2 Drinfel'd Polynomials 

Now we will calculate the Drinfel'd Polj^nomials. 

Let W be the representation of ?7^(s[„). W is said to be of type 1 if 



^ = (A.32) 



where = {w e W\ki.w = qf^^^^w}. 



Proposition 11 ^ Let W be a finite- dimensional irreducible U^{sln)~rnodule of type 1. Then, 

(a) W is generated by a vector wq satisfying 

E,^r-wo ^ 0, $,=^^.iyo = 0j>wo (A.33) 

for all i G {1, . . . , n}, r g and some G C. 

(b) There exist unique monic polynomials Pi{u), . . . , P„_i(u) (depending onW) such that the (fy^^ satisfy 

in the sense that the left and right-hand sides are the Laurent expansions of the middle term about and oo 
respectively. Assigning to W the corresponding n—l-tuple of polynomials defines a one to one correspondence 
between the isomorphism classes of finite-dimensional irreducible U'^{5[n) -modules of type 1 and the set of 
n — 1-tuples of monic polynomials in one variable u. We define the polynomials Pi{u), . . . ,P„_i(m) to be 
the Drinfel'd Polynomials. 

Remark If we change the isomorphism of the Proposition |l^, the Drinfel'd Polynomials may be changed. 
As a consequence of this Proposition, we get 

Corollary 2 ^ Let W be a finite- dimensional irreducible representation of C/^(s[„) with associated poly- 
nomials Pi. Set A = (deg Pi,... ,deg P„). Then W contains the irreducible Uq{sln) -module V{X) with 
multiplicity one. Further, ifV{/j) is any other Uq(sln) -module occurring in W, then A ^ /i. 

Let Aj be the j-th fundamental weight of 5l„, then V{Kj) is an irreducible representation of Uq{s\.n)- If 
V{Kj) is also the representation of [/^(5l„) (d C/g(s[„)), then V{Kj) is irreducible as a t/^(s[„)-module and 
by the Corollary H, and the Drinfel'd Polynomials of V(A.j) is 

^'^^^^ I 1 ~ otherwise, (A. 35) 

for some constant a. We define the representation determined by ( A.35| ) as V{h.j;a). 
We need the following Lemma. 

Lemma 5 ^ Let va^ be the Uq (sin) -highest weight vector in V{Aj; a), where mG {l,-.- ,n — 1}, ogC^. 
Then, 

Eo.VA^ - {-iy-^q-^d~^Fn-iFn-2 ■ ■ ■ Fj+iFi . . . Fj.VA,. (A.36) 

Remark This Lemma and the Lemma 6.4 in the paper [|| are different because the isomorphism between 
the realization of the Chevalley generators and the realization of the Drinfel'd generators are different. 
proof Using the fact that the weight spaces of V{Kj,a) as a J7q(s[„)-module are all one-dimensional 

and KiFj^iK^^ — q~°-^^Fj^i, we get 

F.^i.VA, ^bF,.VA, (A.37) 
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for some 6 G C. From the relation ( A. 23 ), we get 

*^i-t'A, = b{q ^ q-^)vA^ . 
Hence, from the definition of the Drinfel'd Polynomials, we have 

q{q^^u - a) = (u - a){q + b{q - q^^)u + 0{u'^)), 



so that b — a ^. Finally, from the relation ( A. 29 ), we find that 



(A.38) 
(A.39) 
(A.40) 



From now on, we calculate the Drinfel'd Polynomials of V^[a,j] ( 3.22| ). l^[a, j] is the highest weight 
representation as a J7g(s[„)-module, and the highest weight is Aj (the j-th fundamental weight). First we 
can check that [vi ^ V2 ® ■ ■ ■ Vj] is the highest weight vector of V[a, j] as a C/q(sI„) -module. Because of the 
argument before the Lemma |^, the Drinfel'd Polynomials of T^[a, j] are 



P^{u) 



u — a if i — j, 
1 otherwise, 



for some constant d. To determine a, we observe how the Chevalley generators act. 

Eq ■ {[Vi (g) W2 • • • ® Vj]) 

= [EqVi (g) K0V2 ■ • ■ KoVj] + [vi E0V2 (8) K0V3 (g) ■ • ■ (g) KoVj] 



(A.41) 



(A.42) 



a[Vn ® V2 ^ • • ■ ^ Vj 



Fn-i . . . Fj+iFi ...Fj- {[vi (g) V2 (g • • • (g Vj]) (A.43) 
= Fn-i . . . Fj+iFi . . . Fj^i •(■•• + [Kr\^ (g • ■ • ® K'^vj^i (g) FjVj]) 

= • • ■ = Fn-l ■ ■ ■ Fj+i ■ {[V2 g) 1^3 ® ■ ■ ■ ® Wj + l]) 
= F„_i . . . •(••• + [-ft^7+iW2 <g ^4^7+1^3 (g • • • ® Fj + iVj+i]) 

= ■ ■ ■ = {[V2 g) • • • g) (g Vn]). 

On the other hand we can check 

Vk <S)vi + qvi iSiVk e Ker{q + S^'^) for fc < /. (A. 44) 

Then 

[W2 gl • • • g) ■fj g) Vn] = {-q)[v2 gl • ■ • gl Vn g) Vj] (A. 45) 

= (-g)^[w2 g) • • • g) W„ g) Vj-i (g Wj] = • • • = {-qy~^[Vn (g 1'2 gl • • • gl Wj]- 

From the Lemma |^, we get d = q^~^a~^. So we have proved the Lemma |l|. 
Next we verify the Proposition ^ Basically we use the following Proposition. 

Proposition 12 IfV, W, V (g>W are all irreducible as a U'^{5ln) -module, whose Drinfel'd Polynomials 
are Pv,i{u), Pw,iiu), Py^wA^) (i G {1, 2, . . . , n - 1}), then 

Pv^W,r (u) = Pv,i [u) ■ Pwa (u) ■ ( A.46) 



Using the fact written in the paper g], we can check that our representation W"^ (3.21) is irreducible if 
a G M \ Q<o {p — q^"^"). We explain the reason briefly. Let A^.^ be the ki-th fundamental weight of s[„. 
The key propositions are 

o Vi{Aki; ai) iS)V2{Ak2', 0,2) is irreducible if and only if the intertwiner i?(Vi, V2) : ^4 (Afe^ ; oi) g) V2(Afe2; 02) — > 
V2{Ak2]a2) <^Vi{Aki;ai) and i?(V2,Vi) has no pole. 

o Vi{Aki ; fli) g) ■ • ■ g) V/(Afe, ; a/) is irreducible if and only if Vi(Afe. ; a^) g) Vj{Akj ; aj) is irreducible for all i < j- 
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